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We derive non-relativistic equations of motion for the formation of cosmological structure in a
Scalar Field Dark Matter (SFDM) model corresponding to a complex scalar field endowed with a
quadratic scalar potential. Starting with the equations of motion written in the Newtonian gauge of
scalar perturbations, we separate out the involved fields into relativistic and non-relativistic parts,
and find the equations of motion for the latter that can be used to build up the full solution. One
important assumption will be that the SFDM field is in the regime of fast oscillations, under which its
behavior in the homogeneous regime is exactly that of cold dark matter. The resultant equations are
quite similar to the Schro¨dinger-Poisson system of Newtonian boson stars plus relativistic leftovers,
and they can be used to study the formation of cosmological structure in SFDM models, and others
alike, to ultimately prove their viability as complete dark matter models.
PACS numbers: 98.80.-k,95.35.+d,98.80.Jk
The nature of dark matter is one of the most puzzling
topics in Cosmology today, and, not surprisingly, a large
part of the specialized research is currently devoted to
hound this elusive matter that makes out around 25% of
the total matter budget of the present Universe[1]. On
the theoretical side, there are many models with pro-
posals about particles and fields, all beyond our current
understanding of particle physics, that are studied in de-
tail to explain the bunch of cosmological observations we
now have at hand[2].
A dark matter model that has captured the atten-
tion of different research groups is that comprised of a
scalar field, which has been generically called Scalar Field
Dark Matter (SFDM), in contrast to the standard Cold
Dark Matter (CDM) model. This type of models has a
very long tradition in the specialized literature, and their
properties have been extensively studied under diverse
circumstances, from the cosmological setting to the self-
gravitational collapse of arbitrary configurations. The
recent discovery of the Higgs boson[3], and then the pos-
sible existence of fundamental scalars, has also renewed
the interest in them. Some excellent reviews about the
wide capabilities of SFDM can be found in[4–6].
The purpose of this paper is to provide simple equa-
tions of motion for the formation of cosmological struc-
ture in SFDM models, and one key assumption for that
is the explicit separation of the fields in relativistic and
non-relativistic parts. As we shall show, if the relativis-
tic part is properly taken off, the non-relativistic part of
the fields obey equations of motion that are similar to
the well known Schro¨dinger-Poisson (SP) system, which
in turn can reduce the numerical complexity to follow
the gravitational collapse of SFDM within an expanding
cosmological setting.
To begin with, we discuss the general procedure to
separate out the relativistic and non-relativistic parts
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in a field that obeys the Klein-Gordon (KG) equation
of relativistic field theory. Common wisdom in text-
books (e.g.[7]) suggests that the KG equation is a di-
rect expression of the relativistic energy equation E2 =
m2c4 + p2c2, and then it only suffices to make the sub-
stitutions E → ih¯∂t, and p → −ih¯∇, to obtain the fa-
mous linear differential equation for the scalar field φ:
−(h¯2/m2c4)φ¨ = φ − (h¯2/m2c2)∇2φ, where a dot means
derivative with respect to the time t. Notice that we can
read out from the KG equation the natural scales for time
and distance in the evolution of the scalar field: these
are the Compton length LC ≡ h/(mc), and the Comp-
ton time TC ≡ h/(mc2) = LC/c. Likewise, if we take the
non-relativistic expression for the energy, E = p2/2m,
then we obtain the equally famous Schro¨dinger equation
for the wave function ψ: ih¯ψ˙ = −(h¯2/2m)∇2ψ. Notice
that this time, however, there are not preferred choices
for the time and distance scales.
Even though they obey intrinsically different equations
of motion, there exists an explicit relationship between
the two scalar functions: φ = e−i2pit/TCψ, under which
the KG equation directly becomes:
ih¯ψ˙ − (h¯2/2mc2)ψ¨ = −(h¯2/2m)∇2ψ . (1)
Eq. (1) resembles the writing of the relativistic energy
equation in the form: (1 +K/2mc2)K = p2/2m, where
K = E−mc2; the differential equation is recovered under
the identifications K → ih¯∂t and p → ih¯∇. Eq. (1) is
then an exact representation of the KG equation in terms
of the wavefunction ψ; this fact has been used before, for
instance, to find relativistic corrections of Bose-Einstein
condensates[8].
The two extreme versions of the KG equation, namely
the relativistic wave equation (K2/c2 = p2), or the non-
relativistic Schro¨dinger equation (K = p2/2m), are easily
obtained under the conditions K ≫ 2mc2, or K ≪ 2mc2,
respectively. In terms of the differential operators, this
is equivalent to say that the time derivative of the wave
function ψ is of the same or smaller order when compared
2to its spatial derivative. For example, if ∇ψ = O(ǫ)
and ∂tψ = O(ǫ2), where ǫ is a small parameter, the
Schro¨dinger equation is recovered if we keep in Eq. (1)
only terms of the order ǫ2 in the differential operators,
and drop out ∂2t ψ = O(ǫ4) for being of higher order in ǫ.
The overall argument above helps us to set up the phi-
losophy in this work. By taking advantage of the ex-
plicit relationship between the relativistic fields and their
non-relativistic counterparts, we calculate the equations
of motion that are obeyed by the non-relativistic com-
ponents together with the special features that are left
behind in them by the field transformations. The non-
relativistic equations can then be used to build up the
full solution in most cases (except, of course, for the ex-
tremely relativistic ones), with less numerical effort. This
kind of procedure has been used successfully before in the
case of boson stars[9], and we are about to show below
its application for the cosmological setting of SFDM.
We shall consider the following scalar perturbations,
in the Newtonian gauge, for a flat Friedmann-Robertson-
Walker metric (more details can be found in[10]):
ds2 = −(1 + 2Ψ)dt2 + a2(t)(1 − 2Φ)δijdxidxj , (2)
where a(t) is the scale factor of the Universe (we will
use units in which c = 1 = h¯ hereafter). The gravita-
tional potentials Ψ and Φ are small enough to be con-
sidered metric perturbations, |Ψ|, |Φ| ≪ 1; in fact, the
homogeneous and isotropic metric is obtained in the limit
Ψ = 0 = Φ. It is known that anisotropic stress in the
matter sources causes differences in the evolution of the
gravitational potentials, but this is only relevant for the
very early Universe. Then, a good approximation for the
gravitational potentials is that Φ = Ψ for most of the
evolution of the Universe, specially for the era of struc-
ture formation which is our main interest here[10]. We
will anyway write all formulas below in full generality,
and only enforce the aforementioned condition later on
for the main physical results.
The equations of motion are provided by Einstein’s
equations: Gµν = 8πG
(
T
(Λ)
µν + T
(φ)
µν
)
, where Gµν is the
Einstein tensor, and G is Newton’s gravitational con-
stant. As dark energy we adopt a cosmological constant
Λ, with T
(Λ)
µν = (Λ/8πG)gµν , and as SFDM we take a
complex scalar field φ endowed with a quadratic poten-
tial of the form V (φ) = m2|φ|2/2[6, 11], with m being
the mass parameter of the scalar field. Its corresponding
energy-momentum tensor is:
T (φ)µν =
1
2
(∂µφ∂νφ
∗+∂µφ
∗∂νφ)−1
2
gµν(∂
σφ∂σφ
∗+m2|φ|2) .
(3)
We start by writing the equation of motion for the
scalar field that arises from the conservation of the
energy-momentum tensor, T (φ)µν ;ν = 0; using the met-
ric (2) and Eq. (3), we find that[6, 10, 12]:
(1− 2Ψ)φ¨+ (3H − Ψ˙− 3Φ˙− 6HΨ)φ˙− a−2(1 + 2Φ)∇2φ− a−2∇(Ψ− Φ) · ∇φ+m2φ = 0 . (4)
On the other hand, the time-time component of the
Einstein equations results in the Poisson-like equation of
motion for the gravitational potentials:
∇2Φ− 3Ha2(Φ˙ +HΨ) = 4πGa2 δρ . (5)
On the rhs we have the energy overdensity δρ = ρT − ρ¯T ,
where ρT = ρφ + ρΛ is the total energy density, and
ρ¯T ≡ 3H2/(8πG) is its homogeneous counterpart, with
H ≡ a˙/a the Hubble parameter. (Barred variables will
denote homogeneous quantities.) The energy density of
the cosmological constant is homogeneous, and then the
only energy overdensity is that of SFDM, i.e. δρ = ρφ −
ρ¯φ. The energy density of the scalar field reads
ρφ = −T (φ)00 = (1− 2Ψ)
2
|φ˙|2+(1 + 2Φ)
2a2
|∇φ|2+1
2
m2|φ|2 ,
(6)
and then ρ¯φ = (1/2)(| ˙¯φ|2 +m2|φ¯|2).
Next, we set the changes φ = a−3/2e−imtψ and Φ = Ψ.
After lengthy but otherwise straightforward calculations,
Eq. (4) and (6) become:
(1− 2Ψ)
2
(ψ¨ − 2imψ˙)− 2HΨ(ψ˙ − imψ) = (1 + 2Ψ)
2a2
∇2ψ −
[(
m2 + 2H2
)
Ψ− 3
4
(
H˙ +
3
2
H2
)
(1− 2Ψ)
]
ψ ,(7a)
a3ρφ =
(1− 2Ψ)
2
[
|ψ˙|2 − 3H Re(ψ˙ψ∗) + 2m Im(ψ˙ψ∗)
]
+
(1 + 2Ψ)
2a2
|∇ψ|2 +m2|ψ|2
[
1 +
9
8
H2
m2
−Ψ
(
1 +
9
4
H2
m2
)]
.(7b)
We now apply the non-relativistic approximation of the gravitational potential, which will be considered to obey the
order relation: Ψ = O(ǫ2), and then will be neglected wherever it appears alongside with terms of lower order in ǫ;
another simplifying step is to consider the decomposition Ψ(t,x) = Ψ0(t,x)/a(t), so that Ψ˙ = −HΨ + Ψ˙0/a. It is
3also convenient to work with the following dimensionless variables:
√
4πGψ → ψ, mt → t, and mx → x. Eqs. (7)
then become
1
2a2
∇2ψ − 1
2
ψ¨ + iψ˙ =
1
a
[
1 + 2
H2
m2
− 2iH
m
+
9
4
H2
m2
(
1 +
2
3
H˙
H2
)]
Ψ0ψ − 9
8
H2
m2
(
1 +
2
3
H˙
H2
)
ψ , (8a)
∇2Ψ0 − 3H
m
a2Ψ˙0 =
1
2
|ψ˙|2 − 3
2
H
m
Re(ψ˙ψ∗) + Im(ψ˙ψ∗) +
|∇ψ|2
2a2
+
(|ψ|2 − |ψ¯|2)(1 + 9
8
H2
m2
)
, (8b)
where ρ¯φ was calculated under the assumption that φ¯ = a
−3/2e−imtψ¯, with ψ¯ = const.
Eqs. (8) are the equations of motion for SFDM that
result once we separate out the relativistic oscillations
of the scalar field, and consider that the gravitational
potential Ψ has always a small amplitude. We can apply
one further simplification for the Hubble parameter H
and its time derivative H˙ . which appear as ubiquitous
companions of the mass term m everywhere in Eqs. (8),
the so called limit of fast oscillations H/m ≪ 1, under
which the scalar field φ behaves exactly like CDM in
the homogeneous regime. According to previous studies,
the regime of fast oscillations must be present already
before the time of radiation-matter equality for a good
consistency with cosmological observations[4–6].
The same applies for the equation of motion (8b),
which has the form of an inhomogeneous heat equation
for the gravitational potential Ψ. The companion co-
efficient of Ψ˙ (which would play the role of a thermal
diffusivity) is a growing function of time, but the regime
of fast oscillations makes it anyway negligible for the rel-
evant period of structure formation.
As for H˙ , the equations of motion of a homogeneous
and isotropic Universe[10] show that
9
8
H2
m2
(
1 +
2
3
H˙
H2
)
= −3πG
m2
p¯T = −3πG
m2
w¯ρ¯T
= −9
8
H2
m2
×


1/3 RD
0 MD
−1 ΛD
, (9)
where p¯T = p¯T (t) (w¯) is the total (homogeneous and
isotropic) pressure (equation of state) provided by all
matter fluids in the cosmos, and the labels stand for
each one of the main stages in the evolution of the Uni-
verse: Radiation Domination (RD), Matter Domination
(MD), and Λ Domination ΛD. Thus, the correction in-
duced by H˙ is always directly proportional to the ratio
H2/m2, and then it also becomes practically negligible
in the regime of fast oscillations.
The surviving, leading order terms in Eqs. (8) are:
1
2a2
∇2ψ − 1
2
ψ¨ + iψ˙ =
1
a
Ψ0ψ , (10a)
∇2Ψ0 = 1
2
|ψ˙|2 + Im(ψ˙ψ∗) + |∇ψ|
2
2a2
+ |ψ|2 − |ψ¯|2 .(10b)
Eqs. (10) are the main results in this paper, and rep-
resent the equations of motion for the non-relativistic
formation of structure in the SFDM model. They look
more involved than the usual SP system that appears
under the direct application of Newtonian cosmology for
sub-Hubble scales, see for instance[13].
To have a closed system of equations, we must add the
equation of motion corresponding to the homogeneous
and isotropic expansion of the Universe. In order to be
consistent with our non-relativistic approach, we must
write the Friedmann equation as
H2
m2
=
2
3
|ψ¯|2
a3
+Λ˜ ⇒ a˙ =
√
2
3
a−1/2
(
|ψ¯|2 + Λ˜a3
)1/2
.
(11)
By taking into account that the cosmological con-
stant provides a constant energy density, we have de-
fined Λ˜ = (Λ/2m2) = (3H20/2m
2)ΩΛ0, where H0 =
67 km s−1Mpc−1 and ΩΛ,0 = 0.68, are the present values
of the Hubble constant and of the density parameter of
the cosmological constant[1], respectively. As discussed
above, ψ¯ = const., and then the scale factor a(t) evolves
exactly as in the standard ΛCDM model.
We will not attempt here to solve the equations of mo-
tion (10) to find their main features, but take an indi-
rect approach and compare them with their Newtonian
counterpart. As explained before, we take the following
order estimations for the wavefunction and its spacetime
derivatives: ψ = O(ǫ2), ∇2ψ = O(ǫ4), ψ˙ = O(ǫ4), and
ψ¨ = O(ǫ6), where ǫ is a small parameter. After this, the
surviving terms in Eqs. (10) are
iψ˙ = − 1
2a2
∇2ψ + 1
a
Ψ0ψ , (12a)
∇2Ψ0 = |ψ|2 − |ψ¯|2 , (12b)
which is the SP system that is widely used in the spe-
cialized literature.
As an example, let us consider the scaling properties of
the equations of motion, much in the form that is com-
monly used in Newtonian boson stars[9]. Eqs. (11) and
(12) are invariant under the following scale transforma-
tion:
{t,x, ψ,Ψ0, Λ˜} → {t/λ2,x/λ, λ2ψ, λ2Ψ0, λ4Λ˜} , (13)
for any arbitrary parameter λ. This scaling invariance
can ease the numerical effort, mainly because the fields
themselves can have a small amplitude whereas their
derivatives can be very large. An appropriate small value
4of λ can help us to cancel such differences and to keep all
quantities of order unity in numerical simulations[9, 14].
One natural possibility for the scaling of the equations
of motion in the cosmological setting is λ = Λ˜1/4 ≪ 1,
so that Λ˜ becomes the scale of reference for all physical
quantities in the numerical simulation. For instance, the
natural distance and time scales for the evolution of the
fields would be L = LC/λ and T = TC/λ
2. Explicitly,
L =
1
(3ΩΛ,0)1/4
√
m
H0
LC , T =
1
(3ΩΛ,0)1/2
m
H0
TC , (14)
where LC and TC are the Compton length and time de-
fined before. For the preferred case of SFDM with an
ultralight scalar field, we find:
L
kpc
≃ 45
√
10−22eV
m
,
T
Myr
≃ 0.15
√
10−22eV
m
, (15)
which are of the expected order of magnitude for a cos-
mological evolution if m is small enough.
Eq. (13) shows that the SP system is a free-scale sys-
tem, and then the complete set of gravitational solutions
is a one-parameter family. This means that if a self-
gravitating configuration is allowed to accrete matter, it
will migrate to another equilibrium configuration which
is denser and more compact, and for that it suffices to
consider a scaled system with a larger λ[9]. In princi-
ple, the migration process could continue endlessly up to
the point that ψ → ∞ and x → 0 for λ → ∞. This
possibility seems to have been observed in cosmological
simulations in which is argued that SFDM leads to cusp
density profiles of collapsed objects[14]. It appears coun-
terintuitive at first sight because of the wave nature of
the Schro¨dinger equation, but is in fact a side effect of
Eq. (13).
The above arguments are spoiled by the extra space-
time derivatives of the wavefunction that appear in
Eqs. (10) and that were neglected in order to get the New-
tonian equations (12). The scaling transformation (13)
actually shows us that the extra terms can be neglected
as long as λ ≪ 1, but they must be taken into account
once this premise is no longer satisfied. For our example
above, this means that the SP system (12) can only be
reliable for gravitational systems with a size of the order
or larger than 45 kpc, as smaller systems would require
the assistance of the non-Newtonian extra terms.
Some final comments are in turn. We have worked out
in detail the equations of motion that are appropriate to
study the formation of structure in SFDM models, and
found that there must be extra terms in consideration
apart form the standard structure of the SP system. The
latter is indeed a good approximation for systems that
evolve on large scales and times, and its scale invariance
helps to ease the numerical efforts in simulations. But,
for smaller systems the wave nature of the scalar field de-
mands the more general set of equations in (10), which is
anyway more tractable than the original Einstein-Klein-
Gordon equations of motion.
A more complete model of SFDM seems to require the
presence of a quartic self-interaction in the scalar poten-
tial in order to avoid any disturbing behavior of the mat-
ter scalar field in an early RD era; such an interaction
would be needed also to understand the condensation
properties of the scalar field more properly[5, 6, 8, 15].
However, we have not included a quartic term because
its presence would be non-negligible only well before the
beginning of structure formation[4–6].
On a quite different topic, we want to mention a line
of research that is pursuing the study of structure forma-
tion by translating fluid equations of motion into the SP
system: one of the aims is to have more friendly variables
from the numerical perspective[16]. Those methods have
not been explored exhaustively yet, even though they
provide an alternative interpretation of the distribution
function of N -body simulations in terms of a wave func-
tion.
More important is that the equations of motion solved
in those studies are quite similar to that of SFDM. Thus,
we can anticipate that some of the intrinsic characteris-
tics of the formation of structure under the SFDM hy-
pothesis may have been already found in[16], and also
in the studies of the gravitational collapse of Newtonian
boson stars[9, 17, 18], all of them giving an indirect con-
firmation that SFDM works as well as CDM in the arena
of structure formation in the Universe. However, the full
characteristics of SFDM structure can only arise from the
correct non-relativistic equations of motion (10) found
above. This requires an extensive numerical study that
goes beyond the purposes of the present paper and that
will be reported elsewhere.
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